This is a reproduction of a library book that was digitized 
by Google as part of an ongoing effort to preserve the 
information in books and make it universally accessible. 

Google" books 

http://books.google.com 




Digitized by 




Digitized by t^.ooQle 





Digitized by Google 







Digitized by t^.ooQle 


Digitized by 


Google 


Digitized by Google 


Digitized by L OQle 



ELEMENTS 


OP 

DESCRIPTIVE GEOMETRY 


WITH ITS APPLICATIONS 


TO 


SHADES, SHADOWS. AND PERSPECTIVE, 

AND TO 

TOPOG-E/APHY. 


BY 

FRANCIS H. SMITH, A.M.. 

SUPERINTENDENT AND PROFESSOR OF MATHEMATICS OP TOE T IftOINU 
MILITARY INSTITUTE. 


BALTIMORE: 

KELLY, PIET & CO., 
• street. 


Digitized by 


Google 



Entered according to Act of Congress, in the year 1868, by 
FRANCIS H. SMITH 

In the Clerk’s Office of the District Court of the United States for Virginia. 


PRESS OF KELLY A PUT 


Digitized by 


Google 




TO 


COLONEL JOHN T. L. PRESTON, 

Professor of Latin Language and English Literature > Virginia 
Military Institute . 


I AM sure my associate Professors will vindicate the grounds 
upon which you are singled out, as one to whom I may appro- 
priately dedicate this work. 

As the originator of the scheme, by which the public guard 
of a State Arsenal was converted into a Military School, you have 
the proud distinction of being the “ Father of the Virginia Mili- 
tary Institute” You were a member of the first Board of Visitors, 
which gave form to the organization of the Institution; you 
were my only colleague during the two first and trying years 
of its being; and you have, for a period of twenty-eight years, 
given your labors and your influence, in no stinted measure, 
not only in directing the special department of instruction 
assigned to you, but in promoting those general plans of 
development, which have given marked character and wide- 
spread reputation to the school. 

Nor is it without reason that this work, more than any other 
of my mathematical series, is dedicated to you. Descriptive 
Geometi'y was scarcely known in the schools and colleges of 
Virginia, when the Virginia Military Institute, by its distinc- 
tive scientific character, made instruction in a full course of 

Descriptive Geometry and its applications, a necessary part of 
1* ▼ 
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its programme of studies. It was thus that it was proposed, 
in part, to qualify the young men of Virginia for honorable 
industrial pursuits ; that they might, as civil engineers, archi- 
tects, machinists, and manufacturers, lend their aid in devel- 
oping the wealth and industry of this Old Dominion. 

No one knows the weight of all these influences, so happily 
exerted by you, as well as myself; and in recognizing a claim 
founded upon long and faithful public service, I but give ex- 
pression to those sentiments of affectionate regard and esteem 
which I have ever cherished towards you, and which the lapse 
of time has served only to strengthen and confirm. 

FRANCIS H. SMITH. 

Virginia Military iNstmtTB, 

November 11, 1867. 

28 tk Anniversary of the Va. Mil. Inst. 
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PREFACE. 


Descriptive Geometry is comparatively a modern science. 
The necessity of having drawing plans for workmen employed 
in public constructions had long since impressed architects, en- 
gineers, and master builders, with the importance of presenting, 
in a practical form, the established principles of Geometry, in a 
way to be made available in graphic representations of bodies. 
But it was not until towards the close of the last century that 
these principles were generalized and reduced to the order of a 
science. The honor of this important labor of genius belongs to 
M. Gaspard Monge , at that time Professor in TJecole Normale 
of France, and subsequently Professor in the celebrated Ecole 
Polytechnique of Paris. The work in which the principles of 
the new science were presented, was published in the proceedings 
of the Normal School, under the name of Legons de Geometrie 
Descriptivey and is a model of perspicuity. In his expressive 
Words, he says : “ C’est une langue necessaire a Vhomme de genie 
qui congoit un projety a ceux qui doivent en deriger V execution , d 
aux artistes qui doivent eux-memes en executer les differ cntes parties ” 
The lessons of M. Monge were republished by M. Hachettey 
with a supplement, in 1812. In 1818, M. L. L . Valleey an 
ettve of the Polytechnic School, extended the labors of his dis- 
tinguished Professors, Monge and Hachette, and published his 
Valuable work on Descriptive Geometry, under the authority of 
the Royal Academy of Sciences of the Institute of France, with 
the approval of the savans Delambrey Prouy } Fourier , and Arago. 
The principles laid down in the lessons of Monge, as extended 
by Hachette and V all6e, constitute the basis of the wonderful 
developments of Descriptive Geometry which have been made 
within the last thirty years, under the labors of Leroy , Babinety 

Lefebure de Foilrcyy Olivier , Dela GourneriCy and others ; so that 
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the science, as it is now presented, with its various applications 
to Shades, Shadows, and Perspective, Stone Cutting, and Topo- 
graphy, constitutes an important and essential branch of study, 
for all who are called upon to apply graphic constructions, 
whether in engineering, fortification, designing, architecture, or 
machines. 

The distinctive character of the institution to which the labors 
of the author are especially devoted, has always given promi- 
nence to Descriptive Geometry in its course of studies ; and the 
present work, the result of thirty years experience in teaching the 
subject, has been prepared for the use of the cadets. It is no 
less designed for the general student, and it is hoped will prove 
an auxiliary to the study of this branch of mathematical science. 

Without following the arrangement of any other work, 
material assistance has been drawn from all the works above 
cited, and especially from the valuable treatise of Lefebure de 
Fourcy. 

Part I. relates to the Point, Right Line, and Plane. 

Part II. will contain Curved Surfaces. 

Part III. The Method of Projection on One Plane. 

Part IV. Spherical Projections. 

Part V. Shades, Shadows, and Perspective. 

The author would acknowledge his indebtedness to Capt. H. 
H. Dinwiddle , Asst. Professor of the Va. Military Institute, for 
the drawings from which the plates used in this work were 
made. 

Virginia Military Institute, 

November 23, 1867. 

The Mathematical Series of the Virginia Military Institute, 
as published by Kelly & Piet, Baltimore, embrace, 

Smith’s Trimary Arithmetic . 

Smith’s Arithmetic for Schools and Academies • 

Smith’s Algebra . 

Smith’s Legendre’s Geometry . 

Smith’s Lefebure de Fourcy’ s Trigonometry $ 

Smith’s Biot’s Analytical Geometry . 

Smith’s Descriptive Geometry . 
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DESCRIPTIVE GEOMETRY. 


INTEODUCTION. 

Definitions and Propositions of Geometry with respect to a Bight 
Line and Plane considered in Space. 

DEFINITIONS. 

Definition 1. A plane is a surface, in which, if any two 
points be taken at will, the right line joining them will lie 
wholly in the surface. 

Def. 2. If a right line have only one point in common with 
a plane, part of the line will lie on one side, and part on the other 
side of the plane. 

Def. 3. Planes, although limited in the construction of all 
geometrical figures, arc considered as indefinite in extent. 

Def. 4. A right line is said to be perpendicular to a plane, 
when it is perpendicular to all right lines drawn through its 
foot in that plane. 

Def. 5. If a right line be perpendicular to a plane, we say, 
reciprocally, that the plane is perpendicular to the line. 

Def. 6. Oblique lines are those which meet a plane, and are 
not perpendicular to it. 

Def. 7. A right line and plane are said to be parallel to each 
other, when, if either, or both, be indefinitely extended, they 
never meet. 

Def. 8 . Two planes are said to be parallel, when, although 
produced indefinitely, they never meet. 

Def. 9. One plane is perpendicular to another plane , when it 
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contains all the perpendiculars to this plane, which are drawn 
to it through their common intersection. 

Def. 10. The angle between two planes , called, simply, the 
diedral angle , is the figure which is formed at the common 
intersection of two planes, which meet or intersect each other. 
The angle formed by two right lines, drawn, one in each plane, 
and perpendicular to the common intersection of the planes at 
the same point, is the plane angle corresponding to the diedral 
angle , and is the measure of it. 

Def. 11. A solid angle , or a polyedral angle , is the figure 
formed by several planes meeting or intersecting each other in 
a common point. 

Def. 12. A triedral angle is a solid angle formed by three plane 
angles ; a tetraedral angle , one formed by four plane angles ; a 
pentaedral angle , one. formed by five plane angles. . 


PROPOSITIONS. 

Note. — Reference is made , for the proof of the following Propositions , where the 

demonstrations are not given , to “ Smith’s Legendre's Geometry." 

Proposition I. A right line cannot be partly in a plane and 
partly out of it. For, by the definition of a plane, when a right 
line has two points in common with the plane, it lies wholly in 
the plane. 

Prop. IT. A plane is determined in position , when either of the 
following conditions is satisfied : 

1st. When a right line, and a point not on tho line, are 
known. 

2d. When three sides of a triangle, or three points not in 
same right lino, are known. (Book Y. Cor. I. Prop. I., Smith’s 
Legendre.) 

3d. When two right lines which intersect each other are 
known. (Book Y. Prop. I., Smith’s Leg.) 

4th. When two right lines which are parallel to each other 
arc known. (Book Y. Prop. I. Cor. II.) 

Prop. III. The intersection of two planes is a right line. 
(Smith’s Leg,, Book Y. Prop. II.) 

Prop. IY. If a right line be perpendicular to two right lines 
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at their point of intersection, it will be perpendicular to the 
planes of these lines. (Smith’s Leg., Book Y. Prop. III.) 

Prop. Y. The perpendicular drawn from a point to a plane is 
the shortest line that can be drawn between the point and the 
plane, and measures the distance between the point and plane. 
(Smith’s Leg., Book Y. Prop. VI.) 

Prop. VL If a perpendicular be drawn from a given point 
to a plane, and if from the foot of the perpendicular a perpen- 
dicular be drawn to any line of the plane, and the point in which 
this last perpendicular meets the line be joined with the given 
point, this line will be perpendicular to the line in the plane. 
(Smith’s Leg., Book Y. Prop. VII.) 

Prop. YII. Through a given point in space only one right 
line can be drawn parallel to a given line. (Smith’s Leg., Book 
Y. Prop. IX.) 

It follows from this proposition, that if two right lines are 
parallel, the plane drawn through one of them and a point of 
the other will contain the whole of the other line. 

Prop. YIII. Two parallel right lines are perpendicular to the 
same plane. (Smith’s Leg., Book Y. Prop. YIII.) 

Prop. IX. If two right lines be perpendicular to the same 
plane, they are parallel to each other. (Smith’s Leg., Book V. 
Prop. YIII. Cor. I.) 

Prop. X. If two right lines be parallel to a third line, they are 
parallel to each other. (Smith’s Leg., Book I. Prop. XXI Y.) 

Prop. XI. If two planes be drawn through two parallel right 
lines so as to intersect each other, the intersection will be par- 
allel to these lines. 

This Prop, is a corollary to Prop. X. 

Prop. XII. Every right line which is parallel to another 
right line situated in a given plane, is parallel to the plane. 
(Eiem. Geo., Book Y. Prop. X.) 

Prop. XIII. If a right line be perpendicular to a plane, every 
right line, perpendicular to it, will be parallel to the plane. 
(El. Geo., Book Y. Prop. YIII.) 

Prop. XIY. If a right line bo parallel to a plane, and 
another plane be drawn through this line intersecting tho 
given plane, the intersection of tho two planes will bo parallel 
to the given line. (El. Geo., Book Y. Prop. X. Cor. I.) 
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Prop. XY. If a right lino bo parallel to a plane, any right 
line, drawn through any point of this plane, and parallel to the 
given line, will lie wholly in this plane. (EL Geo., Book V. 
Prop. X. Cor. II.) 

Prop. XYI. If a right lino be parallel to two planes which 
intersect each other, it will be parallel to their intersection. 

For, if through a point of the intersection we draw a right 
line parallel to the given line, it will lie in each of the two 
planes, by the preceding proposition, and is therefore the inter- 
section of these planes. 

Prop. XYII. The parallels comprised between a right lino 
and plane which are parallel, are equal. 

For the plane of the parallels will intersect the given plane 
in a right line, which will bo parallel to the given line. A par- 
allelogram is thus formed, the opposito sides of which are equal. 

Corollary. If a right line be parallel to a plane, every point of 
this lino will be equally distant from the plane. 

Prop. XYIII. If two planes be perpendicular to the same 
right line, they are parallel to each other. (El. Geo., Book Y. 
Prop. XI.) 

Prop. XIX. The intersections of two parallel planes with a 
third plane are parallel to each other. (El. Geo., Book Y. Prop. 
XII.) 

Prop. XX. If two planes be parallel to each other, a per- 
pendicular to one will be perpendicular to the other. 

A corollary to Prop. XYIII. 

Prop. XXI. If two planes be parallel to a third plane, they 
are parallel to each other. (El. Geo., Book Y. Prop. XY.) 

Prop. XXII. Parallel lines, comprised between two parallel 
planes, are equal. (El. Goo., Book Y. Prop. XYI.) 

Prop. XXIII. If two angles, not in the same plane, have 
their sides parallel and lying in the same direction, they will bo 
equal, and the planes of the angles will be parallel. (El. Geo., 
BookY. Prop. XYII.) 

Prop. XXIY. If three parallel planes be intersected by any 
two right lines, in space, tho lines will be cut proportionally 
by the planes. (El. Geo., Book Y. Prop. XYIII.) 

Prop. XXY. If a right line be perpendicular to a plane, any 
plane, drawn through this line, will also be perpendicular to 
tho given plane. (El. Geo., Book Y. Prop. XXY1.) 
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Prop. XXYI. If three lines, passing through the same point, 
bo perpendicular to each other, each of these lines is perpen- 
dicular to the piano of the other two ; and the three planes 
formed aro perpendicular to each other. (El. Geo., Book Y. 
Prop. XXYI. Scho.) 

Prop. XXYII. If two planes bo perpendicular to each other 
every right lino, drawn in one of them, perpendicular to their 
common intersection, will be perpendicular to the other plane. 
(El. Geo., Book Y. Prop. XXVII.) 

Corollary. Through a given right line, which is not perpen- 
dicular to a given plane, only one plane can be drawn perpen- 
dicular to this plane. 

Eor this perpendicular plane must contain, besides the given 
line, the perpendicular let fall on the given plane, through any 
point whatever of the given line; and only one plane can bo 
drawn through two right lines. 

Prop. XXYIII. If two planes, which intersect, be perpen- 
dicular to a third plane, their intersection will also be perpen- 
dicular to this plane. (El. Geo., Book V. Prop. XXYIII.) 

Cor. I. A plane, perpendicular to two planes which intersect 
each other, is perpendicular to their intersection. 

Cor. II. If three planes be perpendicular to each other, tho 
intersection of two of these planes is perpendicular to the third 
plane ; and the three intersections are perpendicular to each 
other. 

Prop. XXIX. We can always draw a right line, that shall bo 
perpendicular to two given right lines which are not in tho 
same plane, and this perpendicular will be the shortest distance 
between the two given lines. (El. Geo., Book Y. Prop. XXI.) 
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CHAPTER I. 


FUNDAMENTAL PRINCIPLES. 

1. Descriptive Geometry has for its object , to explain the 
methods of solving problems involving three dimensions , by construc- 
tions made upon a single plane. 

For this purpose, points in space aro referred to two planes 
which intersect each other. The reference is made, by drawing, 
through each point, two perpendiculars ; one to each plane, and 
then determining the points in which the perpendiculars meet 
these planes, after the planes have been made to coincide and 
form one and the same plane. 

2. This process is called the method of projections . Descriptive 
Geometry is, therefore , based upon the method of projections . 

3. The projection of a point on a plane is the foot of the perpen- 
dicular let fall from this point on the plane . 

The plane on which the projection is made is called the plane 
of projection ; and the perpendicular, which projects the point on 
the plane, is called the projecting line of the point . 

Thus, if P be any point in 
space, and Pp the perpendic- 
ular let fall from this point on 
any plane MN, the point p , in 
which the perpendicular meets 
the plane, is the projection of the 
point P; MN is the plane of 
projection ; and the perpendic- 
ular Pp is the projecting line of the point P. 

4. The point p is not only the projection of the point P on 
the plane MN \ but it is also the projection of every point of the 
line Pp on this plane; since the same perpendicular Pp is the 
projecting line of every point of the line Pp. 

5. -The point p, on the plane MN, is its own projection; for 
the perpendicular through p to tho plane MN, evidently meets 
this plane at p. 

16 
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6. To find the projection of a right line on a plane , we draw per- 
pendiculars from every point of the line to the plane ; the series 
of points, in which these perpendiculars meet the plane, will be 
the projection of the line. This projection is necessarily a right 
line; since all the perpendiculars are contained in the same 
plane which passes through the given line, (Int. Prop. XXVII.,) 
and the intersection of this plane with the given plane is a right 
line. (Int. Prop. III.) 

Since tjvo points determine the position of a right line, it is 
only necessary to construct the projections of two points of 
the line, to find the projection of the line. 

7. The projection of a right line on a plane is , therefore , the inter- 
section with this plane , of a plane drawn through the line , and per- 
pendicular to the plane on which the projection is made. 

Thus, if PP be the lino to 
be projected on the plane MN, 
the series of perpendiculars 
Pp , Pp r , &c. will form a plane 
perpendicular to the plane 
MN; and the series of points 
p, p ', &c. will form a right 
line in which this plane will 
intersect the plane M N; and this line is the projection of the 
line PP*. 

8. The plane which projects a right line on a given plane , is called 
the projecting plane of the line . 

9. If the line to be projected be perpendicular to the plane 
of projection, all the perpendiculars, drawn through its various 
points, will coincide with the line itself; and the intersection 
with the plane of projection, which is, in this case, the projec- 
tion of the line, will be a point. 

Thus, if Pp be perpendicular 
to the plane MN, its projec- 
tion on the plane MN is the 
point p. 

10. The projection of a curve 
line on a plane is found, by 
drawing lines through every 
point of the curve, perpendicu- 

2 * 
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lar to this plane, and joining the scries of points in which the 
perpendiculars meet the plane. The lino thus formed is the 
projection of the curve. These perpendiculars being parallel, 
(Int. Prop. IX.,) the}- will form a surface to which the general 
name of cylinder is given. The cylinder which is thus used to pro- 
ject the given curve on a plane , is called the projecting cylinder of the 
curve. 

Thus, if P, P', P', &c. be 
the given curve, and MN the 
plane of projection, the series 
of perpendiculars Pp, P'p', 
&c., will form the surface of 
the projecting cylinder, and 
their intersection with the 
piano MN will give pp'p" 
&c., as the projection of the curve PP P', &c. 

It is evident that any curve, traced on the surface of the 
projecting cylinder, will be projected on the plane M N, in the 
same curve pp'p", &c. 

11. If the given curve he a plane curve, and its plane be per- 
pendicular to the plane of projection, the projecting lines of its 
several points will coincide with the plane of the curve, and 
the projecting cylinder will bo thus reduced to a plane. Tho 
intersection of this plane with the plane of projection will bo 
the projection of the curve. Since this intersection is a right 
line (Int. Prop. III.), wo see, that the projection of a plane curve 
which is perpendicular to the plane of projection is a right line. 

Thus, if PPP , &c. 
be a plane curve, whoso 
plane is perpendicular 
to MN, its projection 
will be tho right line 
pp'p", &e. 

12. If the plane of 
the curve bo parallel to 
the plane of projection, 
its projection will be a 

curve identical with itself. 

13. These principles being established, it follows, that a point 
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in space will be completely determined , by the method of projections , 
when we know its projections on two given planes which intersect each 
other. 

For, the point must be found, at the same time, on the two 
projecting lines of the point; that is, on two lines drawn through 
the two assumed projections of the point perpendicular, respec- 
tively, to the two planes ; and these lines can only intersect 
each other in one point. 

Thus, if p r and p be tho 
•two given projections of 
the point P, on the planes 
MN and NR ; the point P 
must be on the projecting 
line Pp f , and also on the 
projecting line Pp; and 
since Pp f and Pp are the 
projecting lines of the 
same point, they must in- 
tersect each other, and 
their intersection fixes the position of the point P. 

14. It does not follow from this that any two points assumed, 
at will, on two planes, will 
be the projections of the 
same point. For, if p f and 
p be the two projections 
of the point P 9 on two 
given planes which inter- 
sect each other in the line 
NO ; then, if aplane Ppp f, p' 
be drawn through the pro- 
jecting lines Pp and Pp\ 
intersecting the plane MN 
in the line p'p", and the 
plane NR in the lineup", and the intersection NO of the two 
given planes in the point p" ; since the plane Ppp ,f p r contains 
the perpendicular Pp f to the plane MN, \ it is perpendicular to 
the plane (Int. Prop. XXY.); for a like reason, it is perpendicu- 
lar to the plane NR. It is therefore perpendicular to the 
common intersection N 0, (Int. Prop. XXVII. Cor. 1.) But if 
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NO be perpendicular to the plane Ppp"p\ it is also perpendicu- 
lar to the lines pp" and p'p”, drawn in this plane, through the 
point p”- (lot. def. 4.) Hence, we have the condition that two 
points , situated , vespectively , in two planes which intersect each other , 
may he the projections of the same point in space ; viz: that the 
perpendiculars, drawn through these points to the common intersec- 
tion of the two planes, shall meet this intersection in the same point 

15. A right line in space is determined, when we know its projec- 
tions on two planes which intersect each other . 

For, if through each projection a plane be drawn, perpendicu- 
lar to the plane of this pro- 
jection; these planes will, 
each, contain the line in 
space, and their intersection 
must necessarily determine 
it. Thus, let a h and a! V be 
the projections of a right 
line AB, on the planes xyz 
and xyu\ now, if a plane be 
drawn through ah perpendicular to the plane xyz , and another 
plane be drawn through a' V perpendicular to xyu, the intersec- 
tion A B of these two planes will determine the right line in 
space, of which ah and a! V are the projections. 

16. When the assumed projections of the line are perpendicu- 
lar to the common intersection of the two planes, and meet that 
intersection in different points, they cannot be the projections 
of the same right line. 

For, if a h be the assumed projection on the plane xyz\ and 

a! V that on the plane xyu\ 
then, the plane through ah } 
perpendicular to the plane 
xyz, will be perpendicular 
to the line xy, (Int. Prop. 
XXVIII. Cor. 1,) and the 
plane through a f h’ will also 
be perpendicular to xy. 
Hence, these planes, being 
perpendicular to the same right line, will be parallel to each 
other (Int. Prop. XVIII.), and cannot therefore intersect. 
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17. If the two assumed projections of the line, still perpendicu- 
lar to xy , meet the common intersection of the two planes of 
projections in the same point, these two projections will not fix 
the position of the line in 
space ; and the line will 
be undetermined. For, 
in this case, the plane of 
the two projections a b 
and a f b r will be perpen- 
dicular to the two planes 
xyz and xyu, at the same 
point ; and there will be 
but one projecting plane. Any line, therefore, situated in the 
plane a b r a! will have a b and a! b f for its projections. The line 
in space will not be determined, unless we know its projections 
a" b" on a third plane txw , which does not pass through the 
line xy . 

18. In general , any line in space , whether curved or right , is deter- 
mined, when we Know its projections on two planes which intersect 
each other . 

For, if a b c and a' b f d 
be the projections of 
the curve ABC on the 
planes xyz and xyu ; 
then, if lines be drawn 
through the various 
points of each projec- 
tion, perpendicular to 
the plane on which the projection is made, they will form the 
surfaces of two cylinders, perpendicular, respectively, to these 
planes ; and the intersection of these cylinders will determine 
the curve in space. 

19. If the cylinders do not intersect, the assumed projections 
will not belong to the same curve. 

20. If the given curve be a plane curve, whose plane is perpen- 
dicular to the common intersection of the two planes of projec- 
tion ; the two projecting cylinders will reduce to a plane, which 
will be the same with that of the curve. The curve is then 
undetermined. The indetermination in this case is similar to 
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that which has just been noticed with reference to a right 
line (17). 

21. A plane ts determined when we know its intersections with any 
two planes which intersect each other . 

This is evident, since a plane is determined when it passes 
through two right lines which intersect each other. (Int. 
Prop. II. 3.) 

22. Since any three points in space, which are not in the 
same right line, also determine a plane (Int. Prop. II. 1 2) ; we 
might fix the position of a plane by the method of projections, 
by employing the projections of three points of the plane, or of 
three right lines which connect these points. 

23. The intersection of a plane with either plane of projection is 


called its trace on that plane . 



24. If a plane intersect 
the common intersection 
of the two planes of pro- 
jection, the point of inter- 
section is evidently com- 
mon to the two traces. 
Thus, the point a, in which 
the plane a a a' meets the 
intersection xy, is a point 


of the trace a a, and also of the trace a' a. 



25. If a r plane be parallel 
to the common intersection 
of the two planes of projec- 
tion, its two traces will 
also be parallel to it. 

Thus, the traces ah and 
(C V of the plane parallel to 
xy, are parallel to xy. 

26. If a plane be parallel 
to one of the planes of pro- 
jection, its trace on the 
other plane will be parallel 
to the common intersection 
of the two planes of projec- 
tion; and this trace will 
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be sufficient to determine the position of the plane. (Int. 
Prop. XIX.) 

Thus, a! b\ parallel to x y , is the trace of a plane parallel to 
the plane xyz } and fixes the position of this plane; while ab , 
parallel to xy , is the trace of a plane parallel to xyu. 

27. If a plane be perpen- 
dicular to the common in- 
tersection of the two planes 
of projection, its traces will 
also be perpendicular to their 
intersection. 

Thus, a b , in the plane 
xyz , and a!V , in the plane 
xyu , are both perpendicu- 
lar to xy; and are the traces of a plane perpendicular to xy . 

28. Finally, if a plane pass through the common intersection 
of the two planes of projec- 
tion, its traces will coincide 
with this intersection, and 
the plane will be undeter- 
mined; unless we have its 
trace on a third plane which 
does not pass through this 
intersection. 

Thus, the trace a ' a, on a 

plane xtw , will fix the position of a plane passing through xy. 

29. The above principles are independent of the inclination of 
the planes of projection. It is found most convenient in prac- 
tice to take the planes of projection at right angles to each 
other; one of them being horizontal, and the other vertical. 

30. The horizontal plane thus assumed as one of the planes 
of projection, is called the horizontal plane of projection ; and the 
vertical plane is called the vertical plane of projection. 

31. The common intersection of the vertical and horizontal 
planes of projection is called the ground line . 

32. The projections of all points and lines, and the traces of 
all planes, made on these planes of projection, take the name 
of the plane on which the projection or trace is made. Thus, 
if the projection or trace be on the horizontal piano of projec- 
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tion, it is called the horizontal projection of the point or line; or 
the horizontal trace of the plane ; and, reciprocally, the vertical 
projection , or the vertical trace , if .the representation be made on 
the vertical plane of projection. 

33. In order that the two projections which determine the 
positions of points, lines, &c., in space, may be represented on a 
single plane or sheet of paper , as is required in all drawings in 
which the method of projections is used ; the vertical plane of 
projection is revolved about the ground line, as an axis, until it 
coincides with the horizontal plane of projection,. so as to form 
with it a single plane . By this means, the two projections 
which, in imagination, are conceived to be represented on two 
planes, are in reality constructed on one ; that is, the vertical 
projections are really made on the horizontal plane. 

Thus, the vertical projection a f of the right line AB, is not 
executed on a plane that is really vertical ; but, the vertical 



plane of projection being supposed to revolve about the ground 
line xy, until it coincides with the horizontal plane ; it is in this 
position of the vertical plane that we make the construction of 
the projection a’ b r . 

34. Independently of the convenience of the construction 
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which this arrangement produces, it very, materially abridges 
the labor of finding the projections. For, if a and a! be the two 
projections of the point .4, the plane drawn through A a and Aa\ 
will be perpendicular at the same time to the two planes of 
projection, since it contains a line perpendicular to each (Int, 
Prop. XXV.); it will therefore be perpendicular to the common 
intersection xy (Int. Prop. XXVIII.) ; and the lines a 0 and 
a! C in which it intersects the planes of projection will also bo 
perpendicular to xy . But, when the vertical plane is revolved 
about xy , as an axis, the line a! C does not cease being perpen- 
dicular to xy y during the revolution; and is perpendicular to 
xy , when it takes the position a" C. Then, the lines a C and 
a" C } being both perpendicular to the same line x y, and passing 
through the same point (7, are the prolongation, one of the 
other. The same reasoning applies to the lines bD and 
b" D , with respect to the point B. From which it follows, that 
if the horizontal projection of a point be known, the vertical 
projection will be found, after tho vertical plane has been re- 
volved to coincide with the horizontal plane, on a right line 
drawn through the horizontal projection of the point perpen- 
dicular to the ground line; and, conversely, if the vertical pro- 
jection of a point be known, the horizontal projection will be 
on a right line drawn through the vertical projection of the 
point perpendicular to the ground line. 

Hence, we have this important principle, that the two projections 
of a point are always found in the same right line drawn perpendicu- 
lar to the ground line . 

35. Since a C=*Aa\ and Db=*Bb'-, it follows, that the distance 
of the horizontal projection of a point from the ground line , is always 
equal to the distance of the point in space from the vertical plane of 
projection. 

36. Since a"C=a'(7=4. a, and it follows, that 

the distance of the vertical projection of a point from the ground 
line is always equal to the height of the point in space above the hori- 
zontal plane of projection. 

37. If the observer be in front of the vertical plane, and abovo 
the horizontal, it is found most convenient to cause the revolu- 
tion of the vertical plane to be made from the observer, and not 
towards him; since, under this supposition, the projection will, 
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in general, be made on opposite sides of the ground line ; thus 
avoiding confusion in the drawing. 

If x y , therefore, be the ground 
line ; the vertical plane, after the 
revolution, will lie above the line 
xy , and will be indicated by ^he 
plane xy u; and it is in this po- 
sition of the planes of projection 
that the constructions will bo 
made. 

38. The condition that the planes of projection are perpen- 
dicular to each other, leads to the following important principles. 

1°. If a point or line be situated in one of the planes of projection, 
the projection on the other plane will be in the ground line. 

For, the projecting perpendiculars are all contained in the 
plane in which the point or line is situated ; and must, there- 
fore, meet the other projection in the ground line. 

2°. If a right line be parallel to the horizontal plane of projection , 
its vertical projection will be parallel to the ground line . 

For, the projecting perpendiculars, which determine the ver- 
tical projection, will be contained in a plane parallel to the hor- 
izontal plane ; and the intersection of this plane with the ver- 
tical plane of projection, which determines the vertical projec- 
tion of the line, must be parallel to the ground line. (Int. 
Prop. XIX.) 

3°. If a right line be parallel to the vertical plane of projection , its 
horizontal projection will be parallel to the ground line . 

For, the horizontal projecting lines will be contained in a 
plane parallel to the vertical plane of projection, and the inter- 
section of this plane with the horizontal plane of projection, 
which determines the horizontal projection, will be parallel to 
the ground line. 

4°. If a right line be parallel to the two planes of projection , it 
will also be parallel to the ground line , and its projections on both 
planes will be parallel to the ground line . 

This follows from the two preceding principles. 

5°. If a plane be perpendicular to one of the planes of projection, 
its trace on the other will be perpendicular to the ground line ; that is, 
a plane perpendicular to the horizontal plane of projection , will have 
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its vertical trace perpendicular to the ground line; and a plane per- 
pendicular to the vertical plane of projection will have its horizontal 
trace perpendicular to the ground line . 

39. If the planes of projection be considered as indefinite in 
extent, as is usually the case with all lines and planes in Descrip- 
tive Geometry, there will be formed four diedral angles , in either 
of which a point or line may be situated, when its projections 
are determined. The first angle is usually regarded as that 
angle which lies in front of the vertical plane and above the 
horizontal ; the second is behind the vertical and above the hor- 
izontal ; the third is behind the vertical and below the horizon- 
tal ; and the fourth is in front of the vertical and below the 
horizontal. 

40. The principles which have been established for fixing the 
position of the projections of a point in one angle, are equally 
applicable to all, and may bo readily extended to them. All 
points, situated in the 1st and 2d angles, will be projected on 
the vertical plane on that part of the vertical plane which lies 
above the horizontal plane, and their projections will necessarily 
fall above the ground line when the vertical plane is revolved 
to coincide with the horizontal plane ; while points situated in 
the 3d and 4th angles, will be vertically projected on that part 
of the vertical plane which lies below the horizontal plane, and 
these projections will be found below the ground line, since that 
part of the vertical plane which lies below the horizontal plane, 
will fall below the ground line, when the revolution of this plane 
to coincide with the horizontal plane has been effected. The 
horizontal projections of points, in the 2d and 3d angles, will be 
made on that part of the horizontal plane which is behind the 
vertical plane; and the horizontal projections Of points, situated 
in the 1st and 4th angles, on that part of the horizontal plane 
which is in front of the vertical plane. As the horizontal plane 
does not change its position during the revolution of the ver- 
tical plane, the horizontal projections of all points in the 2d and 
3d angles will be above the ground line ; and those of points in 
the 1st and 4th angles, below the ground line. 

41. The figure will explain the positions of the projections in 
each angle. 
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1st Angle. The vertical 
projection a', above, and the 
horizontal projection a, be- 
low, the ground line. 

2d Angle. The two projec- 
tions a and a! above the 
ground line. 

3d Angle. The horizontal 
projection a, above the 
ground line, and the vertical projection a' below. 

4 th Angle . Both projections a and d below the ground line. 

42. The positions of the projections of lines and curves will 
be found, in like manner, in whichever of the diedral angles the 
lines or curves which they represent may be situated. 

43. Since the position of the planes of projection may bo 
assumed, at will, and is generally taken so as to give the sim- 
plest solution to the problem, the points, lines, &c., are usually 
considered in the 1st angle ; and it is under this supposition 
that the constructions will be generally made in this treatise. 
At the same time, it will supply an admirable practice for the 
student, to make the constructions, for the various problems, in 
either of the diedral angles. 

44. Descriptive Geometry, by the principles thus explained, 
becomes a species of sign language , so that by means of the 
drawings which are made, we may have a tolerably accurate 
idea of the process used in tho construction of the problems. 

45. In making the various drawings used in Descriptive 
Geometry, and in the references made to them in the text, cer- 
tain conventional signs are used. Thus : 

Large letters, A, C , &c., represent points in space, and are 

seldom used in the figures. 

Small letters, a, b, c } &c., without accents, represent horizontal 
projections ; while the same letters, with accents, a', b r , o', &c., 
denote corresponding vertical projections. 

The Greek letters,®, 0, y, &c., denote points on the ground line. 
f The ground line is always denoted by x y. 

The point (a, a') means the point in space, the projections of 
which are a and a!. 
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The line (a b, a! b f ) means the line in space, of which the pro- 
jections are a b and a! b\ 

The plane (a a a') means the plane whose traces are a a 
and a r a. 

Given and required lines are always drawn full. Auxiliary 
lines used in the construction are dotted. 

Traces of auxiliary planes and invisible traces are drawn 
broken . 

Finally, when we say a point, line, or plane is given, we always 
mean, that the projection of the point or line, or the traces of the 
plane are given. As also, when it is proposed to determine a 
point, line, or plane, we always mean, that we wish to determine 
the projections of the point or line, or the traces of the plane. 

3* 
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PROBLEMS-RIGHT LINE AND PLANE. 

PROBLEM I. 

46. Two points being given by their projections, find the projections 
of the right line joining these points. 

Let (a, a!) (&,&') be the given 
points ; x y the ground line. 
Since the required line has to 
pass through the two given 
points, the projections of this 
line must pass through the pro- 
jections of these points. There- 
fore the line a b , joining the hor- 
izontal projections a and b , is 
the horizontal projection of the required line ; and the line a! b\ 
joining the two vertical projections a! and V, is the vertical 
projection of this line. 

JRemarfc.— -By changing the position of either or both of 
the given points, with respect to the four diedral angles of the 
planes of projection, variations may be given to the problem. 
The student can make these variations, 

PROBLEM n. 

47. A right line being given by its projections , find the traces of 
its two projecting planes^ 

Let (a b y a'Vj be the given line, and xy the ground line. In 
general, each projecting plane will have two traces, which will 
usually intersect each other in the ground line. The horizontal 
trace of the horizontal projecting plane coincides with the 

SO 
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horizontal projection of the line itself (7), and its vertical trace 
is perpendicular to the ground line (38-5). The horizontal 
trace of this projecting plane is, 
therefore, a b) and ac' perpen- 
dicular to the ground line at a 
is the vertical trace. In like 
manner, the vertical trace of the 
vertical projecting plane coin- 
cides with the vertical projec- 
tion of the line, while its hori- 
zontal trace is perpendicular to 
the ground line. The vertical 
trace of this plane is, therefore, a' 5', and its horizontal trace is 
a' c , perpendicular to the ground line at a'. 

PROBLEM HI. 

48. A right line being given by its projections , find the points in 
which it meets the planes of projection . 

The given line in space is the intersection of its two project- 
ing planes (15). It is, therefore, common to both of these 
planes, and must meet the vertical plane of projection at the 
intersection of the vertical traces of its two projecting planes ; 
and it must meet the horizontal plane of projection at the inter- 
section of the horizontal traces of the two projecting planes of 
the line. 

Let ( ab,a f b ') be the given 
line ; x y the ground line, a b and 
a a' are the horizontal traces of 
the two projecting planes (47), 
and a! b f and a b r are the vertical 
traces of these planes. Hence, 
a is the point in which the given 
line meets the horizontal plane 
of projection, and V is the point 
in which it meets the vertical 
plane of projection. 

49. Variation 1°. Let (a 6, a! V) be the given line. The 
horizontal traces of the tWo protecting planes are indicated in 
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the figure by the letter H; and the vertical traces by the letter F. 

The given line meets 
the horizontal plane at 
b , at the distance b V in 
front of the vertical 
plane (35); and it meets 
the vertical plane at c\ 
at a distance a c ' below 
the horizontal plane 
(36). 

50. Var. 2°. Let (a 6, 
a! b f ) be the given line. The 
horizontal traces of the 
two projecting planes are 
marked H } and the vertical 
traces are marked F. The 
line meets the horizontal 
plane at c, at the distance a 
c behind the vertical plane > 

and it meets the vertical plane at a', at the distance a' a' above 
the horizontal plane. 

51. Var . 3°. Let (a 5, 
a! b f ) be the given line. It 
meets the horizontal plane 
behind the vertical plane, 
at c; and the Vertical plane 
below the horizontal at c'. 

52. Var . 4°. Let the 
horizontal projection, a b, 
be parallel to the ground 

line, and (a b , a! V) the given line. 
The line in space is parallel to 
the vertical plane of projection 
(38-3), and will not therefore 
meet this plane. It meets the 
horizontal piano at a . 

53. Var • 5°» If ( a b> a! V) be the given line, the vertical pro- 
jection being parallel to the ground line. The line in space 
is parallel to the horizontal plane (38-2), and does not, there- 
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fore, meet this plane. It meets 
the vertical plane at a 1 . 

54. Finally, if the lino be 
parallel to the ground line, 
its projections will also bo 
(38-4), and the problem be- 
comes impossible, since the 
line does not meet either 
plane of projection. 



PROBLEM IV. 

55. Two planes which intersect each other being given by their 
traces , find the projections of their line of intersection. 



Let (a a! a') and (a a a ') be the given planes ; a, the intersection 
of their horizontal traces, and a' the intersection of their ver- 
tical traces. The line of intersection being a line of both planes, 
must meet the planes of projection in the traces of these planes. 
It meets the vertical plane at a\ and the horizontal plane at a. 
The points a and a! are, therefore, points on the line of inter- 
section of these planes, and the right line which joins them is 
evidently the intersection of these planes. It is now required 
to find the projections of this line. These projections will be 
determined when we have found the projections of two points 
of the line (6). The point a, being in the horizontal plane, is 
its own horizontal projection (5), and its vertical projection is at 
b f where a perpendicular through a meets the ground line. In 
like manner, the point a', being in the vertical plane of projec- 
tion, is its own vertical projection; and its horizontal projection 
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is at 6, where a perpendicular through a' meets the ground line, 
The line a b, whioh conneets the two horizontal projections of 
two points of the line of intersection, is the horizontal project 
tion of this line; and the line a f V, connecting the two vertical 
projections of these points, is the vertical projection of this line, 
( ah , a'b ') is, therefore, the required line of intersection. 

56. Variation Let one qf the given planes be perpendicular 

to one of the planes of projection; the vertical plane, for example . 

} The horizontal trace of the perpendicular plane will then 
'be perpendicular to the ground line (38-5); and the ver- 
tical projection of the 
line of intersection will 
evidently coinoide with 
the vertical trace of this 
plane, 

If one of the planes 
be perpendicular to the 
horizontal plane of pro. 
jection, its vertical trace 
will be perpendicular to 
the ground line (38-5) ; 
and the horizontal pro- 
jection of the line of in- 
tersection will evidently 
coincide with the hori- 
zontal trace of this plane. 

The construction can 
readily be made. 

57. Var. 2°. Let the 
horizontal traces of the 

given planes be parallel to each other . 
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In this case, the intersection of the two planes will be parallel 
to these traces (Int. Prop, XI.) ; its horizontal projection will 
also be parallel tQ them (Int, Prop. XIY,) ; and its vertical pro* 
jection will be parallel to the ground line (38-2,) We have c <*, 
for the horizontal, and c'a', for the vertical projections of the 
line of intersection, 

58. Var • 3°, Let the given planes intersect the ground line at 
the same point 

In this case, the general construction fails, and another must 
be applied. Let (a a a') and (b a V) be the two given planes. 
If we draw any auxiliary plane, cutting the two given planes in 
any two lines ; these lines of intersection will intersect each 
other in a point that will be common to the two given planes, 
and will therefore be a point in their line of intersection. 

If the projections of this 
point be joined with the 
point in which the planes 
meet the ground line, we 
shall have the projections 
of the line of intersection. 

It is usual in such cases 
to draw the auxiliary 
plane perpendicular to the 
ground line. Let a 0 and 
a'(3 be the traces of such 
a plane. This plane inter- 
sects the plane (a a a') in a line which meets the vertical plane 
of projection at a', and the horizontal plane at a. It intersects 
the plane ( b a b') in a line which meets the vertical plane at b f y 
and the horizontal plane at b. Let the auxiliary plane be re- 
volved about its horizontal trace a 0 , as an axis, until it coincides 
with the horizontal plane. The points a and b , being in the 
axis, will remain fixed during the revolution. The points a' and 

being in the vertical plane, will describe the arcs of circles, 
with 0 a 1 and 0 V as radii, around 0 as a centre, and will be found 
after the revolution in the ground line at a 11 and b ,r . a a" and 
b b " will be the revolved positions of the lines cut out of the two 
given planes by the auxiliary plane. These lines intersect each 
other at d. The point d is, therefore, one point, in its revolved 
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position, of the lino of intersection of the two planes. In the 
counter-revolution of the auxiliary plane, the point d will be 
horizontally projected at d\ and vertically projected at d". 
Hence, d f a and d n a are the projections of the line of inter- 
section required. 

59. Var. 4°. Let the given planes be parallel to the ground line . 

In this case, the traces of the two planes will be parallel to the 
ground line, and the line of intersection will be also. If we 



draw an auxiliary 
plane, as in the last 
article, the intersection 
of the two planes is 
readily determined. 

To illustrate the gene- 
ral principle more fully, 
we have drawn the 
auxiliary plane, in the 
figure, oblique to the 
ground line; and wo 
find mn and m'w' for 


line of intersection. 


the projections of the 


PROBLEM V. 

60. A plane being given by its traces , and a line not parallel to 
it by its projections , find the projections of the point in which the 
line meets the plane , 

Let (a b , a' V) be the given line, and c ad the given plane. 

The problem may be solved by drawing any plane through 
the given line, and finding its intersection with the given plane, 
as in Art. 55, and then determining the point in which the given 
line meets the line of intersection. This point will be the point 
in which the given line meets the given plane. The construc- 
tion will be made in the simplest manner, if the auxiliary plane 
be drawn perpendicular to either plane of projection. We will 
first make the construction under this supposition. 

Let the auxiliary plane be the horizontal projecting plane of 
the given line. Its horizontal trace will coincide with the hori- 
zontal projection of the given line, and is a/3; and its vertical 
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trace is 0 o', perpendicular to the ground line. The line of inter- 
section of this plane and 
the given plane has a/5, for 
its horizontal, and a d , for 
its vertical projection (55). 

The vertical projection of 
the point in which the given 
line meets the given plane 
must be found somewhere 
on the vertical projection 
a d . It must also be found 
in the vertical projection 
cUV of the given line. It 
must therefore be found at b 9 where these two projections 
intersect. The horizontal projections of the required point 
must be found in the horizontal projection of the given 
line : that is, in a b \ it must also be in the perpendicular to tho 
ground line through b' (34). It is therefore at 5, the intersec- 
tion of these lines. The required point is therefore (b ) 6'). 

The horizontal projection b might be found, by taking, as an 
auxiliary plane, the vertical projecting plane of the given line. 
We have a! $ and $ c for its traces; and a' U and be will be the 
projections of the line of intersection of this auxiliary plane with 
the given plane. The point 5, in which the horizontal projec- 
tion of this intersection meets the horizontal projection of the 
given line, is evidently the horizontal projection of the point in 
which the given line meets the given plane. 

61. Variation 1°. Let 
the construction be • made un* 
der the supposition that the 
auxiliary plane is any plane 
whatever . 

In order that the auxil- 
iary plane shall pass 
through the given line, its 
traces must pass through 
the points in which this line 
meets the planes of pro- 
jection, that is, through 
4 
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m and n’ (48). Through m and n ' draw the lines pp and pp\ to 
any point 0 taken on the ground line. We know that (p Pp') is 
a plane passing through the given line, since it has two points in 
common with it (Int. Def. 1). Let us now determine the inter- 
section of this auxiliary plane with the given plane (55). We 
have p c and p r d for the projections of the line of intersection, 
and (o, d) as the point in which the given line meets the given 
plane. 

62. Var . 2°. Let the given line be perpendicular to one of the 
planes of projection . 

If it be perpendicular to the horizontal plane, its horizontal 

projection will be the point 
o, and its vertical projec- 
tion will be o' o" perpen- 
dicular to the ground line 
(9). In this case, the aux- 
iliary plane is perpendicu- 
lar to the horizontal plane 
(Int. Prop. XXV.) ; its ver- 
tical trace must therefore 
be perpendicular to the 
ground line (38-5). Its hor- 
izontal trace may be any line passing through o, and (c o! a") will 
be the auxiliary plane. The problem is thus reduced to finding 
the intersection of the plane (<? a' a") with the given plane, and 
determining the point (o, o f ) in which the line of intersection 
meets the given line, as in the general construction. 

63. Var. 3° . We might 
modify the last construc- 
tion by taking the horizon- 
tal trace of the auxiliary 
plane parallel to the hori- 
zontal trace of the given 
plane. In this case, the 
intersection of the two 
planes will be parallel to 
the horizontal trace (Intr. 
Prop. XVI.), and its vertical projection will be parallel to the 
ground line (38-2) ; and (o> o') will be the required point. 
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64. Var • 4 °. The construction might again he modified, by 
supposing the horizontal trace 
of the auxiliary plane to be 
parallel to the ground line. 

In this case, the intersection 
of the two planes will be 
parallel to the vertical trace 
of the given plane, and so will 
its vertical projection; and 
(o, o') is the required point. 

65. In Variation 2°, we 
may consider the point o as the 
horizontal projection of a point in a given plane (a a a'), and it is 
evident that the point in the plane must be at the intersection 
with this plane of a perpendicular to the horizontal plane of 
projection at o. The preceding construction enables us, there- 
fore, to resolve the general problem which may be stated as 
follows : 

Saving given one of the projections of a point situated in a given 
plane, find the other projection . 

If the vertical projection o' 
of a point in the plane (a a a ') 
be known, we may determine 
the horizontal projection, by 
observing that thepoint, whose 
horizontal projection is re- 
quired, is the point in which a 
perpendicular to the vertical 
plane through o' meets the 
given plane. If*we draw an 
auxiliary plane through this 
perpendicular, the Vertical trace of which is o' parallel to 
a ! <*, the Vertical trace of the given plane; the horizontal trace 
will be ct' b perpendicular to the ground line (38-5) ; and b o, 
parallel to the ground line, will be the horizontal projection of 
the intersection of the auxiliary and given planes* The point 
o, at the intersection of the perpendicular through o' to the 
ground line (34) with the line b o, will be the horizontal projec- 
tion required. 
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PROBLEM VI. 

66. Two points being given by their projections , find the true length 
of the right line joining them . 

Let (a, a') (b, V ) be the two given points. The projections of the 

right line joining these points will 
be a b and a' b ' (46). It is required 
to find the true length of the line 
(ab,a!b 9 ). 

To do this, we remark, that a! cc 
and b 9 0 represent the heights of 
the given points above the hori- 
zontal plane (36). If, therefore, 
we suppose two perpendiculars to 
be erected to the horizontal plane 
at a and b, equal respectively to a a 9 and b 9 ft, the upper extremi- 
ties of these perpendiculars will correspond with the given 
points in space, and the right line connecting them will be the 
line, the true length of which we wish to determine. 

Let the horizontal projecting plane of this line be revolved 
about its horizontal trace a b, as an axis, until it coincides with 
the horizontal plane of projection. The perpendiculars at a and 
t, being perpendicular to the axis before, will also be perpen- 
dicular after, the revolution ; and the given points in space will 
fall in the perpendiculars b b 99 and a a", and at distances from 
ab , equal to their respective distances above the horizontal 
plane. Laying off bb"=b 9 ft, and aa"s*a'», we have b 9f and 
a" for the revolved positions of the given points ; and a" b" 
will evidently be the true length of the right Jine joining them. 
*67. If b" d be drawn parallel to a b, we shall have a right* 
angled triangle 6" da", in which the hypothenuse b" a" is equal to 
the true length of the line joining the given points; the base 
db" is equal to ab the horizontal projection of this line; and 
the altitude da 99 is equal to aa"-—bb", that is, to the difference 
between the perpendicular distances of the given points above 
the horizontal plane. Hence, the true length of a right line join- 
ing any two points in space, is equal to the hypothenuse of a right- 
angled triangle , whose base is equal to the horizontal projection of this 
line , and whose altitude is equal to the difference between the perpen- 
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dicular distances of the given points* above the horizontal plane of 
projection . 

68. If a right line be parallel to a plane , its projection on this plane 
will be equal to itself For, m this case, the two projecting per- 
pendiculars of the extremities of the line will be equal, and the 
given line and its projection will be the opposite sides of a 
rectangle, and will consequently be equal. 

69. If a right line be not parallel to the plane of projection, its pro- 
jection will always be less than the line itself For, in this case, 
the true length of the line is the hypothenuse of a right-angled 
triangle, the base of which is the projection of the line (67); 
and the base is always less than the hypothenuse. 

70. Since the projection of a right line on a plane to which 
it is parallel, is always equal to the true length of the line (68) ; 
we may use this principle to 
determine the length of a 
line joining two points in 
space. For this purpose, 
revolve the horizontal pro- 
jecting plane of the line 
about the vertical lino 
through a, as an axis, until 
it becomes parallel to the 
vertical plane of projection. 

In this position, the projec- 
tions a and a* will remain 
unchanged. The point b will be found at c, on the line a c par- 
allel to xy , a c being equal to ab. Since the point, of which b 
is the horizontal projection, remains at the same distance above 
the horizontal plane ; its vertical projection will be found at d, 
at the intersection of the perpendicular through c with the 
parallel to the ground line through V ; and a' d will be the verti- 
cal projection of the line joining the two given points, when it is 
revolved to. be parallel to the vertical plane of projection, and 
is therefore equal to the true length of the line (68). 

PROBLEM VII. 

71. A plane being given by its traces , find the position of a point 
situated in this plane, when the plane has been revolved to coincide with 
either plane of projection. 

4 * 
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Let (a a a') be the given 
plane. The projections of 
the point .situated in this 
plane cannot be assumed, 
for, the projecting perpen- 
diculars which determine 
the point, must intersect 
each other in the given 
plane. But if we assumo 
one of the projections, 
which we may always do, we may readily determine the other 
projection by the construction given in (65). 

Let b be the assumed horizontal projection of a point in the 
plane (a <* a'); V d will be the vertical projection of the intersec- 
tion of a plane drawn through the horizontal projecting 

line of the point, with the plane (a a a') ; and b' y at the intersec- 
tion of the perpendicular to the ground line through b with the 
vertical projection b'd, will be the vertical projection of the 
point in the given plane. 

It is now required to find the position of the point (5, 6'), 
when the plane (a a a') is revolved about its horizontal trace a a 
to coincide with the horizontal plane. 

In this revolution, the point (5, 6') preserves its relative posi- 
tion to the axis ; and will be found in a perpendicular b c to the 
axis a <*, and at a distance from a a, equal to its distance from it 
before the revolution. This distance is evidently equal to the 
hypothenuse of a right-angled triangle, of which the base ab is 
equal to the distance of the horizontal projection of the point 
from the axis, and the altitude equal to the height of the point 
above the horizontal plane. Laying off b we have a b" 

for this hypothenuse ; and laying off on the perpendicular b c y 
the distance a c =*ab tf ; the point c will be the revolved position 
of the point (6, 5'). 

72. If the given plane had been perpendicular to the horizon- 
tal plane, the horizontal projection of the point would be found 
in the horizontal trace of the plane ; and in the revolution, the 
given point would fall at a distance from the axis, equal to its 
height above the horizontal plane. 
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PROBLEM VIII. 

73. Through a given point draw a right line parallel to a given 
right line . 

Lot (a, a') be the given point, and ( bd , 6'd') the given line. 
If the two lines be parallel, 
their projections will also be 
parallel; for the projecting 
planes of the lines are re- 
spectively parallel to each 
other (Int. Prop. XII.); and 
■J,he intersection of these par- 
allel planes with the planes 
pf projection will also be par- 
allel. (Int. Prop. XIX.) Hence, 
qc parallel to bd 9 and a! d parallel to V d\ will be the projec- 
tions of the parallel line. 



PROBLEM IX. 

74. Draw a plane through a given point parallel to a given plane. 

Let (a, a') be the given 
point, and ( bah ') the given 
plane. Since the planes are 
required to be parallel, their 
traces will be respectively 
parallel; we know then the 
direction of the traces of the 
required plane. Through the 
given point (a, a'), and in the 
plane of the required plane, 
let a line be drawn parallel to the horizontal trace of this plane. 
Its horizontal projection will pass through a and be parallel to 
£> oc ; and its vertical projection will passthrough a' and be 
parallel to the ground line (38-2). This line meets the vertical 
plane of projection at d. The point d is one point in the vertical 
trace of the required plane. Drawing c f p parallel to b' a, we 
have the vertical trace of this plane. A line through p, parallel 
to the horizontal trace of the given plane, will give p c as the 
horizontal trace of the required parallel plane. 
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75. We might determine another point in the horizontal 
trace, and thus verify the abovo construction : by drawing, 
through the given point, a line parallel to the vertical trace of 
the required plane. Its vertical projection would pass through 
a', and would be parallel to d p : a 9 a' is this projection, and a c, 
parallel to the ground line, is the horizontal projection of tho 
’ auxiliary line. The line ( a ' a , a c) meets the horizontal plane of 
projection at c: the point c is therefore a point in the horizontal 
trace of the required plane. If the construction be accurately 
made, the point c will be in the trace p o before found. 

76. This problem may be solved in a more general way, by 
drawing in the given plane any right line whatever; and then 
drawing, through the given point, a line parallel to this line. 
The parallel line will be a line of the required plane; and tho 
points in which it meets the planes of projection will determine 
a point in each trace of the required plane. The traces may 
then be drawn parallel, respectively, to the traces of the given 
plane. We may verify the construction/by observing whether 
their traces intersect in the ground line. 

Let (a, a!) be tho given 
point, and ( b a &') be tho given 
plane. Assume any points m 
and ml in tho traees of tho 
given plane; and draw tho 
perpendiculars m p f and m' p 
to the ground line : ft will be 
tho vertical projection of tho 
point m, and p will be tho 
horizontal projection of the 
point m! ; and mp and m' ft 
will be the projections of a 
line situated in the plane ( bab '). Drawing through a and a 9 
the lines a o and a! o', parallel respectively to m p and m' p \ they 
will be the projections of a line passing through the given point 
and parallel to the line assumed in tho given plane. The points 
o and o', in which this line meets the planes of projection, 
determine a point in each trace of the parallel plane ; and o a 
and o' a' parallel respectively to Jaand b r a will be tho traces 
of this plane. The point of intersection of these traces, a', must 
be in the ground line. 
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PEOBLEK X. 

77. Draw a plane through three given points . 

Lot (a, a'), ( p , &'), an< * 

(o, o') be the given points. 

If these points bo con- 
nected, two and two, by 
right lines ; these lines will 
be lines of the required 
plane, and their projec- 
tions will pass through the 
corresponding projections 
of the given points. If 
we determine the points 
in which these lines meet 
the planes of projection, we 
shall have points in the 
traces of the required plane. 

The line (ab,a f b f ) meets the vertical plane at m', and tho 
horizontal plane at m ; the line (a c,a' (?) meets the vertical plane 
at n', and tho horizontal plane at n ; and the line ( b c,b' (?) meets 
the planes of projection at o and o'. The points m, w, o, are 
points in the horizontal trace of the required plane ; and the 
points m', n', o', are points in its vertical trace. The lines nom 
and m' o' rl are therefore the traces of the required plane. These 
traces must be right lines, and must intersect the ground line 
at a. 

78. Va/r • 1°. If the line which connects two of the given points be 
parallel to either plane of projection^ the vertical for example, then 
the point in which it meets this plane will be at an infinite dis-^ 
tance, and cannot therefore be used in the construction. In 
this case, the vertical trace of the required plane must evidently 
be parallel to this line, and also to its vertical projection. (Int. 
Prop. XII.) 

79. Vav. 2°* If the line which connects two of the given points be 
parallel to both planes of projection , it will meet neither of these 
planes, and the traces of the required plane being parallel to 
the projections of this line, Will be parallel to the ground line* 
(Int. Prop. XI.) 
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PROBLEM XI. 


80. Draw a plane through a given point and through a given right 
line . 

If a right line be drawn through the given point and parallel 
to the given line, it will be a line of the required plane. If we 
determine the points in which this line and the given line meet 
the planes of projection, we shall have two points in each trace 
of the required plane, and the plane is therefore determined. 

Let (a, a' ) be the given 
point, and (bc> V d) the 
given line. We have 
(am,a'm f ) for the lino 
through (a, a') parallel 
to (bcjb'c’) (73); and 
this line meets the planes 
of projection at m and 
m\ The given line 
meets the planes of pro- 
jection at b and c', hence 
m a and m'a are the traces of the required plane. 

If the construction be accurately made, these traces must 
intersect each other in the ground line at a. 

81. Variation • Instead of using a parallel to the given line, 
we might have used the line connecting the given point with 
any point whatever of the given line. 

To fix the position of the assumed point in the line (b c, V c'), 
we must make its projections m,m', fulfil the condition of being 
in the same perpendicular to the ground line (34). We have 




(am,a f m f ) for the line joining the point (a, a') and the point 
(m, m'). It will be a line of the required plane, and the traces 
of the piano may be readily determined, as before. 
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PROBLEM XII. 


82. Through a given right line draw a plane parallel to a given 
right line. 

If any point be assumed on the line through which the plane 
is to be drawn, and a line be drawn through it parallel to the 
other line, the plane through this auxiliary line and the first 
line will be the required parallel plane. 

Let it be required to draw a plane through the line ( ab,a'b ') 
parallel to the line (cd y <? d f ). We have (mo, m'o') for the par- 
allel line through the point (m, m'). If we determine the points 



in which the lines (mo, mV) and ( ah , a'b') meet the planes of 
projection, we shall have two points in each trace of the re- 
quired plane. The traces are readily determined. 


PROBLEM XIII. 

83. Draw a plane through a given point and parallel to two given 
right lines. 

Through the given point draw two right lines parallel to the 



two given lines. The plane of these lines will pass through the 
given point and be parallel to the two given lines. 
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The construction may readily be made as in the figure. 

PROBLEM XIV. 

84. Find a right line that shall pass through a given point and 
meet two given right lines . 

First Solution . Draw a piano through the given point 
and one of the given lines as in Prob. XI. / and another 
plane through the given point and the other given line. The 
line of intersection of these two planes, determined by Prob. 
IV., will be the required line. 

Let (a, a') bo tho given point ; (bc } b f o' ) ( d e, d! d ) the given 
lines. 

The plane through ( a , a! ) and (b c, b' d ) has d <x and b cc for its 



traces; and fid and fid are the traces of tho plane through 
(a, a') and tho line (deed'd). The intersection of the planes 
(bad) and (dfid) is the line (mn, m'n'), which is the required 
line. 

85. Second Solution to Prob . XIV. If we pass a plane 
through the given point and one of the given lines as in Prob. 
Xl.f and find the point of intersection of the other given line 
with this plane, as in Prob. F./ and join this point of inter- 
section with the given point, we shall have a right line which 
will, in general, meet the first line. 
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The plane through (a, a ’ ) and ( 6 c, V d ) is (</ a 6). The line 



{de f d f d) meets this plane in the point (/,/). The right line 
joining this point with the given point is the required line. 

86. Third Solution to Prob. XIV. Take, at will, any 



two points (m, m' ) (w, n f ) on the lino ( d e , d r ef ). Through theso 
points and the point (a, a!) draw two lines, and determine the 
points (p,p') ( q , gO in which they meet the horizontal projecting 
plane of the line (6 c, 6' d) as in Prob. V. The lino (6 c, 6' o') 
will meet the line ( p q,p r q f ) which joins the points (p,p') (#, q ' ) 
in a point (/, /') ; and if we join the point (/, /') with the given 
point (a, a') by a right line, this line will be the required line. 

5 D 
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For it passes through the given point, is in the plane of the 
first line, and must therefore, in general, meet it, and it also 
meets the second lino, 

PROBLEM XV. 

87. Draw through a given point a right line perpendicular to a 
given plane, find the point in which it meets the plane , and the true 
length of the perpendicular , 

If a line be perpendicular to a plane, the projections of tho 
line will be perpendicular to the traces of the plane. For, tho 
'horizontal projecting plane of the line is perpendicular, at tho 
same time, to the horizontal plane of projection and to tho 
given plane (Int. Prop. XXI.) ; and must therefore be perpen- 
dicular to their common intersection (Int, Prop. XXVIII. 
Cor. 2), which is the horizontal trace of the given plane. But 
the horizontal trace of the given plane being perpendicular to 
the horizontal projecting plane of tho line, is also perpendicular 
to the horizontal trace of this plane, which is the horizontal 
projection of the given line. Since the same reasoning equally 
applies to the vertical plane of projection; we conclude, that if 

a right line be perpendic- 
ular to a plane, the pro- 
jections of the line will 
be perpendicular to the 
traces of the plane , This 
principle being estab- 
lished, the Problem is 
readily solved. 

Let (a, a f ) bo the given 
point, and (m a, m f ) tho 
given plane. The lines 
a b and a' U perpendic- 
ular to tho traces ma 
and m'a, are the pro- 
jections of the required 
perpendicular. By Prob. V. we determine ( b , &') as the point 
in which this perpendicular meets the plane (mam'); and by 
Prob. VI. we find a! d to be the true length of this perpendicular. 

88. Variation • Let the traces of the given plane be parallel to 
the ground line . 
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In this case, the construction given above would fail, and it 
would be necessary to use an auxiliary plane as in Pvob* IV* 
Vct/v* t 3d* 

Let (a, a!') bo the given point, and he and V d the traces of 
the given plane. Through (a, a') draw a plane perpendicular 
to the ground line ; a <* and a! & are its traces. This plane inter- 
sects the given plane in a line which meets the vertical piano 
of projection at d! and the horizontal plane at d . If the aux- 
iliary plane be revolved about its horizontal trace a a until it 
coincides with the horizontal plane ; the point d! will fall at 
<* (3 being equal to a dU . The point d being in the axis will remain 
fixed, and d (3 will be the revolved position of the intersection 
of the auxiliary and given planes. But the perpendicular lino 
through (a, a ! ) to the given plane, being in the vertical piano 
through ( a> a'), is perpendicular to the intersection of this piano 
with the given plane; and in the revolution it remains perpen- 



dicular. Hence, a /", perpendicular to <2/3, will be the revolved 
position of this line; and /" is the revolved position of tho 
point in which the perpendicular meets the given plane. In 
the counter-revolution, the point /" will be horizontally pro- 
jected at/, and vertically at/; /'a being equal to//". We have 
(//") for tho point in which the perpendicular meets the given 
plane ; and a /" for the true length of the perpendicular. 

The projections of the perpendicular are evidently in tho 
traces a a and a! a (7). 


PROBLEM XVI. 

89. Through a given point draw a plane perpendicular to a given 
right line • 
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Let (a, a') bo the given point, and ( bc,b' </) the given line. 
Since the required plane has to be perpendicular to the given 
line, the traces of the plane will be perpendicular to the projec- 
tions of the line (87). We know then the direction of the re- 
quired traces. Conceive a right line to be drawn through (a, a') 
parallel to the horizontal trace of the required plane ; this line 
will be a line of the required plane. Its horizontal projection 



will pass through a , and will be parallel to the horizontal trace 
of the required plane (72) ; that is, will be perpendicular to b c. 
Its vertical projection will pass through and be parallel to 
the ground line (38-2). This line meets the vertical plane of 
projection at m'. This point is a point in the vertical trace of 
the required plane, and w! a, perpendicular to U o', will be tho 
vertical trace of this plane ; and a m, perpendicular to b c } will 
be its horizontal trace. 

90. We might verify the horizontal trace, by finding another 
point of it. For, if we draw through (a, a') a line parallel to 
the vertical trace of the required plane, the line a'/ 3 , perpen- 
dicular to V d or parallel to am', will be its vertical projection; 
and the lino a m parallel to the ground line will be its horizontal 
projection. If the construction be accurately made, the point 
m, in which this line meets the horizontal plane, will be in tho 
trace a m. 

PKOBLEM XVII. 

. 91. Draw through a given point a plane parallel to a given plane . 
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Let (a, a f ) be the given point ; (m am') the given plane. Since 
the planes are to be parallel, their traces will be parallel, (Int. 



Prop. XIX.). We know then the direction of the traces of the 
required plane. If a line be drawn through ( a , a ! ) parallel to the 
horizontal trace of the required plane, its horizontal projection 
will pass through a, and be parallel to the horizontal trace of 
the required plane; that is, it will be parallel to am; and its 
vertical projection will pass through a', and will be parallel to 
the ground line. The line (a w, a! n') meets the vertical plane 
of projection at n'; n f ft parallel to am', an d/3o parallel to am, 
will be the traces of the required plane. By drawing a line through 
the point (a, a') parallel to the vertical trace of the required 
plane, we may determine another point in the horizontal trace, 
and thus verify the construction* 

92. Second Solution * If, from any point of the ground line, 
two lines be drawn perpendicular to the projections of the given 
line, respectively, they will be the traces of a plane perpendicular 
to the given plane, and passing through the assumed point on the 
ground line* If now a plane be drawn through the given point 
(a, a'), parallel to this plane, it Will be the required plane. 

PROBLEM RVIII. 

§3. Through a given point draw ct right line perpendicular to a 
given right line . 

Let (a,a f ) be the giveii point* and {bc y V d) the given linei 
6 * 
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If through the given point a plane be drawn perpendicular to 
the given line, and the point determined in which the given 
line meets the plane ; the right line, connecting the point of inter- 



section with the given point, will be perpendicular to the given 
line. We determine the plane through (a, a r ) perpendicular to 
(be, b' d) by JProft. XVI.; and ma and m'a are its traces. 
The line (a f, a'f') is the perpendicular required. 

94. Second Solution • Draw a plane through the given 
point and the given line by Prdb. XI . Revolve this plane 
about its horizontal trace until it coincides with the horizontal 
plane, and find the revolved position of the point and line. A 
line drawn through the revolved point, perpendicular to the 
revolved line, will be the revolved position of the perpendicular. 
The projections of this perpendicular, in the counter-revolution, 
will give the required perpendicular. 

PROBLEM XIX. 

95. Find the angle which a right line , given by its projection 
makes with the plane of projection. 

If from any point of a line which is oblique to a given plane, 
a perpendicular be drawn to this plane, and the points in which 
the perpendiculars and the given line meet this plane be joined 
by a right line, this line will be the projection of the given line 
on this plane j and the angle which the given line makes with 
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the plane is measured by the angle which this line makes with 
its projection on this plane. 

Let (a b, a! V) be the given line oblique to the planes of pro- 
jection. Let it bo required to determine the angle which it 
makes with the horizontal plane. The line (a b , a! b') meets the 
planes of projection at a 
and b'. Revolve the hori- 
zontal projecting plane 
of this line about the 
horizontal trace a p until 
it coincides with the 
horizontal plane. The 
point b f falls at p in 
a perpendicular to the 
axis, and at a distance 
from it equal to pb'. The point a , being in the axis, remains 
fixed. The line ap is the revolved position of the given line; 
and the angle p ap is the angle which the given line makes with 
the horizontal projection a b , which angle is the measure of the 
angle required. 

96. The angle which the line makes with the horizontal plane 
might be determined, by revolving the plane (a ft &') about its 
vertical trace b'p, as an axis, until it coincides with the vertical 
plane. The point a is found at /S', being equal to ap) and 
[? V will be the revolved position of the line, and p ft b f the re- 
quired angle. 

97. The angle which the lino makes with the vertical plane of 
projection is determined by an analogous process, and is a’b'a"* 

PROBLEM XX. 

98. A plane being given by its traces , find the angle which it makes 
with either of the planes of projection , say, the horizontal plane . 

In general, the angle which two planes make with each other, 
Is measured by the angle formed by two right lines, one in each 
plane, and perpendicular to the common intersection of the 
planes at the same point (Int. Def. 10). 

Let a a and a' a be the traces of the given plane. 

If a plane be drawn perpendicular to the horizontal trace a a* 
it will be perpendicular to the given plane, and also to the hori* 
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zontal plane of projection (Int. Prop. XXYIIL); and will con- 
sequently intersect these planes in lines which will be perpen- 
dicular to their common intersection at the same point. The 
angle included between these lines is the angle required, a 0 
perpendicular to a a, is the horizontal j and 0 a', perpendicular 

to the ground line, is the 
vertical trace of the auxil- 
iary plane. The right line 
in space which joins the 
points a and a\ is the lino 
cut out of the given plane 
by the perpendicular plane ; 
and is evidently the hy- 
pothenuso of a right-angled 
triangle which has aft for 
its base, and 0 a! for its al- 
titude. The angle at the 
base is the required angle. 

Let the plane of the 
triangle be revolved about 
the base aft, as an axis, until it coincides with the horizontal 
plane. The point a! falls in a perpendicular 0 a", and at a dis- 
tance from the axis equal to (3a'; the point a remains fixed; and 
a a! f is the revolved position of the line joining a and a', and 0 a a ", 
is the required angle. 

99. The angle which the given plane makes with the vertical 
plane of projection is determined in an analogous manner. We 
draw a plane perpendicular to the vertical trace of the given 
plane, and find the position of the intersection of this plane with 
the given plane, when the perpendicular plane is revolved to 
coincide with the vertical plane of projectioni We have 0oo' 
for the required angle. 

100. If we revolve the plane (a 0 a') about its vertical trace 
0 a! until it coincides with the vertical plane, the point a will 
describe in the horizontal plane the arc of a circle with 0 a as a 
radius, and 0 as a centre, and will fall at 0'; a'0 is the revolved 
position of the intersection of the perpendicular and horizontal 
planes, and 0 0' a* is the angle which the given plane makes With 
the horizontal plane. By a similar construction we may deter- 
mine the angle with the vertical plane. 
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101. We may readily determine the angle between the traces 
of the given plane, by revolving the plane about its horizontal 
trace, and find the revolved position of the vertical trace. The 
point a! falls at a'" in a perpendicular to the axis, and at a distance 
from it equal to the true length of the line joining the points a 
and a ', that is, equal to a a". The point a remains fixed, and 
a'" a is the revolved position of tho trace <*a', and a'" * a is the 
angle of the traces. 

FHOBLEM XXI. 

102. Find the angle included between two given lines . 

Let (a by a! 6'), (a c f a f d) be the two given lines. 

If the lines intersect, the projections a and a i of their point of 
intersection must fulfil the condition of being in the same per- 
pendicular to the ground line. The given lines meet the hori- 
zontal piano of projection at b and c, and be is the horizontal 
trace of the plane of these lines. 

The line b c is the base 
of a triangle, the vertex 
of which is projected at 
(a, a'). Tho angle opposite 
to the base is the required 
angle. If ad bo drawn 
perpendicular to b c, and 
from the point d a line 
be drawn to the vertex 
(a, a') } this line will lie in 
a vertical plane through 
(a, a') perpendicular to 
b Cy and will also be perpendicular to be; so that, if the plane of 
the triangle be revolved about b c, as an axis, until it coincides 
with the horizontal plane, this perpendicular will take the direc- 
tion dd ,f y and the point (a, a') will be found at d!\ at a distance 
from b Cy equal to the hypothenuse of a triangle of which a d is 
tho base and a! d! tho altitude. Joining d" with b and c, the 
angle b d V c is the angle required. 

103. Tho vertex d " might also bo found by finding tho true 
length of the sides of the angle ; tho projections of these sides 
being, respectively, a b and a! b\ b c and V </, as in JProb. VII. 
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Then describing two arcs from b and c , as centres, with radii 
equal to the true length of the sides, their intersection deter- 
mines the point d!\ 

104, If the given lines be not in the same plane, the angle in- 
cluded between them is measured by the angle included between 
two right lines drawn through any point and parallel to the 
two given lines. The construction can readily be made. 

105. Var. 1°0 If one of the given lines be parallel to the horizontal 
plane , its projection on the vertical plane is parallel to the 
ground line. 

In this case, the horizontal trace bf of the plane of the two 
lines will be parallel to the horizontal projection of the line 



which is assumed to be parallel to the horizontal plane. When 
the plane of the lines is revolved to coincide with the horizontal 
plane, the horizontal line will revolve parallel to the horizontal 
projection, and b a" c" is the angle required. 

106. Var* 2 ° • If one of the given lines be parallel to the ground 
line . 

Its two projections will be parallel to the ground lino; the 
traces of the plane of the lines will also be parallel to the ground 
line. The construction may readily be made. 

107. Var* 3°. If the vertex of the angle be in the horizontal plane . 

In this case, we assume a point on either of the given lines, 

and draw a lino parallel to the other given line. The angle 
between this line and the first lino will be the angle required. 
The construction is readily made. 


Digitized by Google 



PROBLEMS — RIGHT LINE AND PLANE, 


59 


108. Remark* If two right lines are perpendicular to each other , 
and are projected on a plane to which one of thean is parallel / their 
projections will also be perpendicular to each other , 

For, if through the line which is parallel to the plane on which 
the projection is made, a plane he drawn perpendicular to the 
other line, its trace will be parallel to the line through which 
the plane is drawn (Int. Prop, XVI.), and also to the project 
tion of this line. But the projection of the line to which the 
plane is drawn perpendioular, is perpendioular to the trace of 
this plane (87); it is therefore perpendicular to the projection 
of the lino through which the plane is drawn. 

PBOBIBM XXII. 

109. Through the point of intersection of two given line$ y draw a 
right line that shall bisect their angle equally. 

Let (a 6, a! V) and (ac, a! <f) be the given lines. Construct the 
angle between the two 
given lines as in Prob . 

XXI. W e have b a" c for 
this angle. Bisect this 
angle equally by the line 
a" f. It is now required 
to determine tho projec- 
tions of the line a"/, when 
the plane of the given lines 
assumes its true position. 

In the counter-revolution, 
the vertex a" falls back in 
a perpendicular to the 
axis, and ( a , a') will be the position of this point ; the point / in 
which the bisecting line meets the axis remains fixed; /will 
therefore be its own horizontal projection, and /', in a perpendic- 
ular to the ground line through/, will be its vertical projection, 
and (a/, a'/) will be the projections of the bisecting line. 

PBOBLEH XXIII. 

110. Find the angle which a. given right line makes with a plane to 
which it is not parallel. 

Let (a b , a' b r ) be the given line, and (m a m') the given plane. 
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Since the angle which a line makes with a plane, is equal to 
* the angle which the line makes with its projection on that plane 
(95) ; if, from any point of the given line, a perpendicular be 
drawn to the given plane, the angle which the perpendicular 
makes with the given line, will be the complement of the angle 
which this line makes with its projection on this plane. The 
problem is thus reduced to finding the angle between two right 
lines as in Prob. XXI. 

Through any point (a a') draw the lines ac and a V perpendicu- 
lar to the traces of the given plane ; ( a c , a! cf) will be a line 
perpendicular to the given plane (87). The horizontal trace of 



the plane of the given line and this perpendicular is b c y and 
c a " b will be the angle between these lines. If we draw c h per- 
pendicular to a" b } a" ch will be the angle required. 

PROBLEM XXIV. 

111. Find the angle included between two given planes. 

The angle between two planes is measured by the angle 
included between two right lines drawn, one in each plane, per- 
pendicular to the common intersection of the planes at the same 
point (Int. Def. 10). If a plane be drawn perpendicular to the 
intersection of the two given planes, it will intersect the given 
planes in two right lines, which will make with each other the 
required angle. 

Let (a a a') and (a /3 a') be the two given planes. 

These planes intersect each other in a lino which meets the 
vertical plane of projection at a ! , and the horizontal plane at 
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a y and a of is the horizontal projection of the intersection. 
The lino gch perpendicular to a a' is the horizontal trace of a 
plane perpendicular to the intersection of the two given 
planes (87). The perpendicular plane intersects the given planes 
in lines which meet the horizontal plane of projection at g and h; 
and which form with the line gh a triangle, the angle opposite 
to gh being the angle required. 

Let the plane of the triangle be revolved about g h , as an axis, 
until it coincides with the horizontal plane. The vertex of the tri- 
angle is in the vertical plane a c of. But this plane is perpendicular 
to g A, since g A is perpen- 
dicular to a a'. Then, 
the line which joins c 
and the vertex of the 
triangle, is perpendicu- 
lar to gh; and in the 
revolution of this plane, 
this line will take the 
direction e a. We have 
now to find the true 
length of this line. 

The plane of the tri- 
angle is perpendicular to the intersection of the two given 
planes. The line which joins the point c with the vertex of 
the triangle, being in the plane of the triangle,* is also perpen- 
dicular to this intersection. If, therefore, we revolve the hori- 
zontal projecting plane of the intersection of the two given 
planes, about its horizontal trace, until it coincides with the 
horizontal plane, the line of intersection will take the position 
a a ", since of remains fixed, being in the axis, and a! falls in a 
perpendicular to a a, and is found at ol\ of a " being equal to 
of a! ; c df\ perpendicular to this revolved line, is the revolved 
position of the line joining the point c with the vertex of the 
triangle, and will be the true distance of the vertex from the 
base. If we lay off cdf asc d", and draw df g and dfh; g df h will 
be the angle required. 

112. We might have determined the true length of the line 
joining the vertex of the triangle with the base, by revolving 
the horizontal projecting plane of the intersection of the two 
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given planes about its vertical trace, until it coincides with the 
vertical plane of projection. In this position, a! a!" would be 
the revolved position of the intersection of the planes ; d the 
revolved position of the point c ; and d d the true length of the 
perpendicular. The vertex of the triangle is evidently horizon- 
tally projected at m , where a perpendicular from d" to a a' meets 
this line. 

PROBLEM XXV. 

113. Find the shortest distances between two right lines, not in the 
same plane. 

If a plane be drawn through one of the lines parallel to the 
other line, every point of the parallel line will J >e equally dis- 
tant from the plane drawn parallel to it ; and since the shortest 
distance required must join a point of this line with a point of 
the parallel plane ; it follows, that this distance cannot be less 
than the perpendicular distance between the line and plane. 
This perpendicular is also the shortest distance required. 
(Smith's Legendre, Book V. Prop. XXI.) 

Let (a b , a* b '), ( c d , d d') be the given lines : let a plane be 
drawn through (ab } a r b f ) parallel to (cd, d d f ) ) as in J^rob* 
XII . We have om,Vm for its trace*. Through any point 



(PiP') °f the line (dc, dd ) draw a perpendicular to this plane as 
in JProft. XV. The projections of this line are perpendicular 
to the traces of the plane, and ( pq , p f q f) will be the perpen- 
dicular line. The perpendicular meets the plane ( mam !) at 
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the point (/,/'). If a line be drawn through (/,/') parallel 
to (cd, d d'), the projections will be respectively parallel to 
(c d , d d! ), and we have (/s, /' s') for the parallel. These projec- 
tions meet those of the line (ab, a ' b ') at the point (s,s'). The 
point (s, s') is therefore the intersection of the parallel line 
(/5,/s') with the line ( ab , a'b'). If now we draw through 
(s,s'), the lines st, s' t', parallel to pq,p' q', and terminated by 
the projections cd and c' d'; we shall have the projections of 
the shortest lines between the two given lines. The projections 
st 9 s' fare evidently perpendicular to the traces ma and rrd a 
(87.) 

The true length of the shortest distance may be readily con- 
structed by Prob. XV* 114. If the two given lines intersected, 
then the plane through one line parallel to the other line, 
Would be the plane of the lines ; and the perpendicular which 
measures the shortest distance reduces to sero. 

115. If the two lines be parallel, then the right line drawn 
through one of the lines parallel to the other line, will coincide 
with the first line; the parallel plane becomes indeterminate, 
and the above construction fails. In this case, the shortest dis- 
tance will evidently bo any perpendicular drawn from one line 
to the other. 

tioBUturm 

116. Having givin the three faces of 4 triedrdt angle, find the 
angles of inclination which the faces make with each other , two and 
two ; that is , find the diedral angles. 

In a triedral angle there are three faces and three diedral 
angles. If we propose to determine three of these parts, when 
the other three are known ; there may be six cases as follows: 
1°. When the three faces are known. 2°. Two faces and their 
diedral angles known. 3°. Two faces and the diedral anglo 
opposite one of them. 4°. One face and the adjacent diedral 
angles. 5°. One face, one adjacent diedral angle, and one die- 
dral angle opposite the face. 6°. Three diedral angles. The 
three last cases may be reduced to the solution of the three 
first. It must be remembered, hoWever, that two conditions 
inust always be established when a triedral angle is formed 
with three given faces. The sum of the plane angles must 


Digitized by Google 



64 


DESCRIPTIVE GEOMETRY. 


be less than four right angles (Smith’s Leg., Book V. Prop. 
XXXVI.). 2d. The greatest plane angle must be less than the 
sum of the other two (Smith’s Leg., Book V. Prop. XXXV.). 

To determine the three diedral angles , when the three faces of the 
triedral angle are known ; in any plane taken as the horizontal 
plane of projection, make the angle ash equal to the plane 
angle of one of the faces ; and let the planes of the other 
faces be revolved about as and sb , as axes, until they coincide 
with the horizontal plane. In this position, draw as c and b sc' 
equal to the two other angles of the plane faces. It is evident we 
may construct the triedral angle by revolving the planes asc f 
b s d, around a s and 5 &, until sc and sd coincide. Take, on 
these sides, s/=* s /', and draw/^ h and /' g' h perpendicular to 
sa and sb y and intersecting each other in h. During the revo- 
lution of the two faces, the points / and /' describe, about g 



and g r as centres, circles situated in the vertical planes whose 
traces are g h and g'h' ; and when the sides sc and s' d coincide, 
the points / and /'unite and form one point. The lines fg and 
f'g' form with gh and g' h' angles, which are equal to the 
angles made by the lateral faces with the horizontal plane as b. 

To determine these angles ; revolve the planes of these angles 
around the traces f gh and f g'h until they coincide with the 
horizontal plane. The common line of intersection of these two 
planes corresponds with the vertical line at the point h; and 
when the revolution is made around g A, coincides with hk per- 
pendicular to gh; and when it is made around / A, it falls in 
A V perpendicular to g'h; and the point of union of the points/ and 
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/' in space, will fall on these perpendiculars, and at distances 
from gh and gh, equal respectively to gf and and will 
therefore be found at k and k : hence, drawing g k and g'k, the. 
angle kgh will be the inclination of the faces asQ and a sb, and 
the angle k g' h will be the inclination of the faces bsd and as b.’ 

We might determine the third angle of inclination, by making 
on one of the feces aso,bsd, the same construction which has 
been made on the feoe as b} but it may be more readily deter- 
mined as follows. Conceive a plane to be drawn through the 
points in space corresponding to / and /', perpendicular to the 
third edge : it will intersect the two lateral faces in two right 
lines, which will make with each other the required angle of 
inclination. One of these lines revolves on fp perpendicular to 
so , the other, on /' q perpendicular to sc'. It is evident that 
the points p and q, in which these lines meet the edges as and 
b s, have not changed in position during the revolution ; hence, 
drawing p q , wo shall have on the face a s b, the trace of a piano 
which contains the required angle; and if we revolve this plane 
around p q , the vertex of this angle will be found at the inter- 
section m of the arcs described with the radii p f and q f ; there- 
fore, the angle pm q is equal to the third angle required. 

117. Many verifications may be noted. 

1°. The lines h k and hk must bo equal, as revolutions of the 
same vertical. 

2°. The line sh being the projection of the third edge on the 
plane asb, and p q being the trace of a plane perpendicular to 
this edge, it follows, that sh must be perpendicular to pq. If 
sh is perpendicular to p q , the right line drawn from the point 
in space corresponding to /, /', to the point n in which s h 
meets p q , must also be perpendicular to p q: hence* in the revo- 
lution of p q m, this line must be found on the prolongation of 
sn; and the point m must be on this prolongation. Thus, the 
line s h is perpendicular top#, and passes through m. 

3°. If we produce g h until it intersects $b at i, the distances 
if and ik, must be equal. In like manner, if we produce g f h 
until it meets s a in i', we must also have i /= i f k. 

6* E 
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FBOBIEX XXVII. 

118. Knowing two faces of a triedral angle , and their inclination , 
find the third face , and the two other angles of inclination of these 
' faces with the third face , 

Let ash and a sc be the two given faces, when one is revolved 
around the common edge to ooincide with the plane of the 
other. If we draw fgh perpendicular to a s , the lines g h and 
gf will be the intersections of these faces with the plane drawn 
perpendicular to the edge a s at the point g : and when the two 
faces are in their true position, these lines make with each other 
an angle which is equal to the given inclination. 

Let the plane of this angle be revolved around g h until it 
coincides with the plane ash; the line g f will take the direction 
g k, and the angle k g h will be equal to the diedral angle of the 
faces. Further, the distance gf will not vary during the revo- 
lution : hence, if we take gk = gf, and draw k h perpendicular 
to g h , the point h will be the foot of the perpendicular let fall 



on the plane a s b } through the point on the third edge corre- 
sponding with / and h Let this third edge be revolved around 
bs until it coincides with the plane as b; it is evident that the 
point of this edge corresponding to / will fall somewhere on the 
perpendicular h g'f to b s, and since it must be at the same dis- 
tance from the vertex s, as the point /, it must be found at /', 
and hence b sf is the third face. Knowing the three faces, the 
diedral angles are determined by the preceding problem. 

If we produce g h to i, if = i k . 

PROBLEM XXVIII, 

119. Having two faces of a triedral angle, and the diedral angle 
opposite one of them, find the third face and the two other diedral angles . 
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Let a s b and a sc bo the two given facos, and suppose that the 
dicdral angle opposite to the face asc is also known. If the 



triedral angle in space be intersected by a plane perpendicular to 
the edgo as, and we revolve the trianglo which results from the 
intersection of this plane with faces of the triedral angle, until 
it coincides with the plane ash ; g i and gf perpendicular to as 
are the intersections of this plane with the faces ash, asc; and 
g i and g f are, at the same time, the true lengths of the two sides 
of the trianglo in which tho cutting plane meets the faces. 
Hence, if we consider g i as the base of this triangle, the vertex 
will be found, after the revolution at some point of the serai- 
circumferenco fpq , described from g as a centre, and with a 
radius gf. 

With regard to tho third side, its direction is made known by 
the intersection of the perpendicular plane to as with the third 
face : and since the inclination of this third face is known, it is 
easy to find the direction of this intersection. In the first place, 
wo know it must pass through the point i; to find a second 
point, draw go perpendicular to h s, and conceive a plane to bo 
drawn through g o perpendicular to tho faeo ash. This plane 
will intersect tho third face of tho triedral angle in a right line 
which will make an angle with og equal to tho given inclina- 
tion. Wo may then mako tho revolution of this angle, in gom ; 
and if we draw gm perpendicular to go, gm will be the true 
length of tho perpendicular erected at g to the plane ash, and 
terminated in the plane of the third face. But this perpendic- 
ular lies entirely in the plane of the triangle which has g i for 
its base, and whoso revolution on the plane ash wo desire to find ; 
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hence, when this trianglo revolves around g i, its vertex must 
fall in the line ga ) and bo found at a distance from gi, such that 
gn — gm: therefore, if wo draw T a right line through the point i 
and w, we shall have the direction of the third side of the triangle. 

When the line i n meets the semi-circumferenee fp g in two 
points p and q, as in the figure, the problem admits of two solu- 
tions. For, if the plane of the circle fpq resume its original 
position, and we join the points p and q with the vertex s , it is 
evident that wo shall have two diedral angles constructed from 
the conditions of the problem. Let us examine that which is 
determined by the point p . The line p i will bo the distance of 
tho point i from a point of the third edge: but the distance 
of the vertex s from the point of the third edge is equal to sf: 
hence, when we revolve the third edge around 6 s, this . point 
will be found at the point of intersection p' of the arcs described 
with the radii ip and sf; and, consequently, drawing sp', wo 
shall have bsp' for tho third face. If we consider the triedral 
angle determined by the point g, and make like constructions, 
we shall have bsq' for the third face. 

120. Heniarks • If we let fall perpendiculars from p and q 
on g i, and then, through the foot of each perpendicular, draw 
perpendiculai's to sb, these last lines must pass, respectively, 
through the points p f and q r . 

The problem has only two solutions in the case in which the 
points p and q are both on the side in. When the point q 
falls on the side in', there will be no solution for the point q . 
When the semicircle fp q is tangent to i n, the two solutions are 
reduced to one; and finally, when the circle and line do not im 
tersect, the problem becomes impossible. 

FBOBLEM XXIX. 

121. To reduce the angle included between two right lines in space 
to the horizon . 

When we wish to make a map of a country, the prominont 
points of any part of the country are supposed to be connected by 
right lines, thus forming a system of rectilinear triangles ; then, 
if all the points are in the same horizontal plane, the triangles 
may bo readily traced on a map, upon a reduced scale; and 
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because of the similarity of triangles, an accurate representation 
will be presented by the map of tho various points considered. 
But if the points considered aro in different horizontal planes, 
as is the case in all mountainous countries, wo suppose tho 
triangles formed, by connecting the assumed points, to bo pro- 
jected on an assumed horizontal piano ; and the triangles which 
result from this projection, are those which aro transferred to 
the map by means of similar triangles. 

It thus appears, that the map will not present the angles 
themselves which exist in space, but tho projections of theso 
angles on tho assumed horizontal plane; so that, when it is 
required to reduce the angle included between two right lines in space 
to the horizon , the object is to find the horizontal projection of 
this angle. For this purpose, we measure on the surface of tho 
ground, not only the angle which tho given lines .make with 
each other, but also the angle which each makes with tho 
vertical passing through the angular point; and with these 
angles known, the problem may be solvod. 

Let L and U represent the two given lines, A tho angle 
which they make with each other, and F and F' the angles 
which they make, respec- 
tively, with the vertical. 

Draw, in the vertical 
piano of projection m n 
perpendicular to tho 
ground lino xy, and mako 
tho angle m np equal to F; 
and assume the vertical 
plane of projection as tho 
piano of the angle F, which 
wo aro at liberty to do. 

The lino np is the line designated by Is, and the other line 
U must b© represented, as passing through the point n , where 
it makes with mn tho angle F', and with np tho angle A. It is 
required to find the horizontal projection of tho angle A. 

The lino L meets the horizontal piano of projection at the 
point p; and we have now to find the point in which the line U 
intersects tho same plane. For this purpose, draw the line n q 
making with mn the angle m n q = F', and intersecting x y in q) 
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then, from m as a centre, with a radius equal to mq , draw the 
indefinite arc qa . The line L must meet the horizontal piano 
at some point of this arc ; so that it is only necessary to find the 
distance of this point of intersection from the point p . But this 
distance, considered in the plane of the angle A, is the base of a 
triangle whoso sides are equal* respectively, to np and nq; 
hence, if wo make the angle pnr?=A, and take nr = nq> tho 
linear will be equal to the distance sought. Then, from^> as a 
centre, with a radius equal topr, describe the arc r&, tho point 
s y in which it intersects the arc qa , is the point in which the 
lino L l meets the horizontal plane: mp and ms are therefore 
the projections of L and and tho angle pms is the required 
angle A, 

PROBLEMS FOR THE EXERCISE OF THE STTOEHT, 

Problem I . Construct a piano which shall pass through 
tho intersection of two given planes, and divide the angle of 
these planes equally. 

Prob. II. Through a given point, draw a right lino that 
shall make given angles with the planes of projection. 

Prob . III. Through a given point, pass a plane that shall 
make given angles with the planes of projection. 

Prob. IV. Knowing the traces of a plane, and the horizontal 
projection of the diagonal of a square lying in this plane, find 
the projections of tho square. 

Prob. V. Knowing the projections of the three edges of a 
triedral angle, find the traces of a plane that shall cut theso 
three edges at given distances from the vertex. 

Prob. VI. Circumscribe a sphere by a triangular pyramid. 

Prob. VII. Inscribe a sphere in a triangular pyramid, 
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